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Analysis of the Two-Degree-of-Freedom Wing
Rock in Advanced Aircraft

Tiauw Hiong Go and Rudrapatna V. Ramnath
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The dynamics of wing rock on rigid aircraft having two rotational degrees of freedom are analyzed. Nonlinear
mathematical models of the aircraft are developed for the purpose of the analysis. The aerodynamic expressions
contained in the models are built by fitting the appropriate aerodynamic data into the model. The nonlinear
dynamics are analyzed using a technique combining the multiple time scales method, center manifold reduction
principle, and bifurcation theory. Analytical solutions are developed in parametric forms showing a separation
of the fast and slow dynamics. Such solutions have an advantage over numerical solutions in that the important
parameters and their effects on wing rock characteristics, such as amplitude and frequency, are easily seen in explicit
functional relationships. An excellent agreement between the analytical results and the numerical simulations is

demonstrated.

Nomenclature t = time
wing span Vv = airspeed
coefficient of rolling moment XYy Z, = right-handed Cartesian body-fixed
coefficient of pitching moment axis system
airfoil chord length XoYyZy = right-handed Cartesian stability axis system
drag coefficient y = coordinate along Y, axis
lift coefficient o = deviation of angle of attack from o
incremental drag force o, = effective angle of attack
incremental lift force o = nominal angle of attack
moment of inertia abouti axis B = angle of sideslip
product of inertia € = small parameter
unit vector along the axis indicated in subscript 0 = pitch angle
rolling moment due to roll rate m = roll damping parameter, € .
rolling moment due to rate of sideslip v = pitch damping parameter, €v
roll rate about X, axis 0 = air density
pitch rate about Y, axis T; = time scales
real part of the complex number in parentheses ¢ = roll angle
yaw rate about Z, axis w = inertial angular velocity
wing area V. = Jacobian of vector x
kinetic energy (- = d/dt()
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I. Introduction

OST modern fighter aircraft are required to have high-

performance capabilities for enhanced air superiority. Such
requirements necessitate an aircraft to operate in nonlinear flight
regimes in which the dynamics are very complex. An important
manifestation of the effect of nonlinearities is the phenomenon of
wing rock, which limits the potential maneuver performance of the
aircraftand could even lead to catastrophicconsequences.It usually
occurs at moderate to high angles of attack and involves sustained
lateral oscillations dominated by roll motion at a constant ampli-
tude and definite frequency. The degree of severity of wing rock is
determined mainly by the amplitude of the motion and to a lesser
extent by the period of the oscillation.

Several kinds of wing rock problems have been treated in the
literature. In general, wing rock manifests as a limit-cycle-type of
oscillation. The case most extensively treated is wing rock with roll
as the only one rotational degree of freedom.'~7 Both numerical
and analytical techniques have been used in the past to attack the
problem. It has been found that for this specific case the onset of
wing rock is determined by the loss of the dynamic roll damping
derivative and that its amplitude is mainly influenced by the nonlin-
earity in the derivative of the roll moment coefficient with respect
to roll rate. Investigations of wing rock on aircraft having multiple
rotational degrees of freedom have also been initiated. Because of
the complexity of the problem, most work in this area is numerical
in nature~'? and therefore, the results are only valid for specific
cases.

This paper presents a part of the results obtained in Ref. 13, in
which wing rock dynamics of a rigid aircraft having two rotational
degrees of freedomin roll and pitch are discussed. This two-degree-
of-freedom assumption is good for an aircraft with negligible yaw
dynamics during the motion of interest. An analytical approach us-
ing the multiple time scales (MTS) method'*'3 in conjunction with
the center manifold reduction and bifurcation theory is used in the
analysis to obtain an asymptotic solution of the problem. The inter-
dependenceof the pitch degree of freedom and the wing rock motion
is shown explicitly in this investigation. This approach offers con-
siderableadvantagesover the common numerical approachesin that
itenablesus to gain insightinto the system dynamics and to identify
the important parameters that influence the overall motion.

II. Equations of Motion

Two axis systems are used in deriving the equations of motion.
The first set of axes (X, Y, Z,) is the body-fixed axis system, which
is fixed to the aircraftbody and has its origin at the center of mass of
the aircraft. The X, axis points toward the nose of the aircraft, the
Z,, axis is perpendicularto X, in the aircraft vertical plane, and the
Y, axis completes the right-handed axis system. The X,-Z, plane
is the vertical symmetry plane of the aircraft. The second set of axes
(XoYoZ,) is referred to as the stability axis system. Its origin is at
the center of mass of the aircraft, and the orientation of the axes
describes the nominal or unperturbed attitude of the aircraft. The
X axis is oriented toward the nominal nose direction of the aircraft,
the Z, axis is in the nominal vertical plane of the aircraft pointing
down and perperdicular to the X, axis, and the Y, axis completes
the right-handed axis system. In the nominal flight condition, these
two axis systems coincide with each other.

The expressionfor the aircraft angularrate in the body-fixed axes
can be found by noting that the aircraft can be brought from its
nominal position to the perturbed one by using two consecutive
rotations, first in pitch and then in roll (Fig. 1). Hence,

w = piy, + qiy, +ri., = 0iy, + diy, 1)

C; 0 Y, ”\?
¢
Fig.1 Transform angles and ro-

tations between the stability and
body-fixed axis systems.

®/0]2

As per usual convention, p, ¢, and r are the roll rate, pitch rate,
and yaw rate, respectively, of the aircraft; and ¢ and 6 are the roll
and pitch angular perturbations from the nominal position. Then
by assuming that the perturbation angles are small, the following
relations are obtained:
p=, g =0cosd ~0, r=—6sing ~ —¢6 (2)
Note that r is not zero in this case. Its magnitude, however, is one
order of magnitude smaller than p and gq.
We further assume that the aircraftbody is symmetric, so that the
product of inertia /,, = I, = 0. The rotational kinetic energy of the
aircraft can then be expressed as follows:

3 . | . | . ..
T = Elxx¢2 + Ely)'ez + Elz:¢202 - Ixz¢¢0 (3)

where /,,, 1,, and I, are the moment of inertia of the aircraftabout

Xy, Yy, and Z,, respectively. By the substitution of this expression
into Lagrange’s equation,

d (0T oT
—\—=)——=20.
dr \ 9y, v

where y; = ¢ and y, =6, we get

i=1,2 “4)

Lo¢+ 1,00 + 1,90 — 1.0 = Q,

(Ly + 1.6°)0 + L. + 1..¢> + 2.6 = O, (5)

where the generalizedforce Q; = §W,; /8y;, which is the variation of
the work done § W; due to the variation of the displacementdy;. The
generalized forces are assumed to be solely due to the aerodynamic
moments. The effect of gravity is neglected in the current analysis.

The aerodynamic moments acting on the aircraftare derived un-
der the assumption that the flow is nearly incompressible and quasi
steady. The purpose is not to get the exact aerodynamic formula-
tion, but rather to find the appropriate mathematical expressions
to represent the nonlinear aerodynamic moments to be used later
in the analysis. The resulting moment expressions are expected to
capture the parameters that have a significant impact on the system
dynamics. Strip theory aerodynamics are utilized for this purpose.
We assume that the aerodynamic forces are generated mainly by
the wings. The aerodynamic forces on the fuselage and the tail are
neglected. The fuselage does, however, have a significant presence
and contributesto three-dimensionaleffects especiallyin the asym-
metric flow case.

For each streamwise segment of the wing of width dy, the incre-
mental lift and drag forces are

dL(y) = gec(y)er(y)dy, dD(y) = ge(y)ep(y)dy  (6)
where g = %sz is the dynamic pressure, ¢(y) is the airfoil chord
atlocation y along the Y, axis, and ¢; (¥) and cp (y) are the local lift
and drag coefficients, respectively. The dependence of the local lift
and drag coefficients ¢; (y) and c¢p(y) on the local effective angle
of attack o, () is represented by a cubic polynomial:

3

e

— 2
cp =cp, tep e + 60

_ 2 3
Cp = Cp, + Cp, A, + Cp,a; + Cp,a; (7)

For notational simplicity, the dependence of the coefficients and «
on the spanwise location is not shown.

The effective angle-of-attack distribution along the wing span is
influenced by the nominal angle of attack, the roll rate, the sideslip
rate, the pitch rate, the rate of change of angle of attack and sideslip,
and the deviationfrom the nominal angle of attack. The contribution
of yaw rate r due to kinematic coupling is neglected here because
its value is normally small for this two-degrees-of-freedomaircraft
model. Because we only consider small deviations from the nominal
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condition, the contributions of the named factors on the effective
angle-of-attackdistribution can be expressed using a linear relation

_ do, (y) do, (y) do, (y) .
a.(y) =a(y) + o p+ o B+ Y B
n 8ae(y)a n aae(y)q n 8ae§y)d @®)
Ja aq da

where o () indicates the contributionof the nominal angle of attack
o. For simplicity, the spanwise angle-of-attack distribution due
to roll rate, the sideslip rate, and the rate of change of sideslip is
assumed to be antisymmetric, and the distributiondue to the nominal
angle of attack, the pitch rate, the rate of change of angle of attack,
and the deviation from nominal angle of attack is assumed to be
symmetric.

The substitution of Eq. (8) into Eq. (7) and the substitution of
the resulting equation into Eq. (6) results in lengthy expressions
involving the lift and drag forces on each segment of the wing and
tail in terms of the variables p, 8, B8, 0, ¢, and &. The work done by
the aerodynamic forces can then be approximated by

W = —/(dL cosy + dD sinay) yd¢

— /(dL cosag + dD sinay)x86 9)

This equation can be expanded in terms of variables p, 8, B, q,a,
and « and then integrated term by term. Even though the process is
lengthy,itis straightforward.In general, the resultingintegrandscan
be dividedinto two groups of odd and even terms. The odd terms are
integratedto zero, and hence, the final resultis the contributionof the
evenintegrandsonly. Thenby using Q; = § W, /§y;, the aerodynamic
moments can be expressed as follows:

01 =0+ Ep+ 8P+ + &P p + e B+ &pp’
+EPB + G + Crop’ + En o+ EnPq + Ein P
+CuBo + E15Bq + Crefé + 1y par + E1pq + Cro pér
+Enpa’ + Eapq’ + Enpi’ + Enpa’ +Eupq’
+Cs P&’ + Tag pa’ + Cy1pq’ + Crgpd” + Crofag
+Eyopaq + &3 faq + Sy Pad + &3 pad + Eyyfad
+E35Bq + E3spqt + Cx1Bqd + Cis PP

0, =da +d,q +dsa + dyo® + dsaq + dead + d,q* + dgqa
+do6” +dypo’ +do’q +dpe’a +d g’ +dug’e
+disad® + deqd® + d1qa + d s@® + dvaga + dypap?
+dyapp + dpepp + dyop® + drepp + drsaf + drgP’
+dqBp + dagqB + drgp® + dsoapB + ds1q B + dunif’
+dyapp + duaBp + dssip® + dsgei pp + dyya p
+dgB* + dsofp + dsp® + dyy BB + dinp’ (10)

where Q,=0,/I,, and O, = 0,/1,,.

_ The next step is to express the equations of motion explicitly in
¢ and 6 and in terms of ¢ and 0 and their derivativesonly. This can
be done by using the following kinematic relations:

p =4, B~ ¢sinay, B ~ ¢ sinay, q=0

a=0, a~0 (11

The equationsof motion of the aircraft then become (in matrix form)

1 n¢ ¢ fl
L )l=1". 12
e o) (5)=(2) 02

where n) =1, /1., n, =1, /1,,,n3=1/1,,, and
fi(@,$.6,6) = 0y —n1¢b + (n,/n3)$6>
fo(¢, $,0,6) = Or — n2® — 2(ny /n3) 0 (13)

By the inverse operation, we get
> A
L+ =9 —nig (fl)
ns .
w1 A

(14)

(7)==
6) 1+ (ny/ny —niny)g?

Because we are only interestedin small values of ¢, we approximate
1/[1+ (a/ny = mm)@? ] = 1= (na/ny —ninz)¢® — (15)

By substituting fi and f; from Eq. (13) into the precedingequations
and retaining only terms up to third order, we get

¢+ ) =i +01¢° + E:0°¢ + E067 + Cud’ + 8590
+ o6 + E160 + Eypf + Cop0® + E19p6>
+E1190” + E1290” + C13900 + E14$00
0+ Q%0 = 06 + d,0% + d,00 + d6° + d,0° + ds626 + d06>
+d:0° + ds0¢® + dobpd + d 100" + d,10¢
+d0¢p +d304% + disg® + dispd +dys§’ (16)
The relations between the coefficients in Eqs. (16) and (10) are

given in Appendix A. Dynamic analysisin the subsequent sections
is based on the preceding equations.

III. Motion Analysis

The MTS method'*'* is first used to reduce the equations of
motion into a set of first-orderequationsfor the amplitude and phase
of the dynamics. Center manifold reduction techniques along with
the bifurcation theory are then applied to obtain an approximate
solution and to assess the properties of the solution. Steady-state
and transient motion analysis are both performed, and the results
are compared with numerical solution.

A. MTS Analysis

The MTS concept described here is based on the development
of Ramnath and Sandri'* and Ramnath et al.'”> The MTS approach
relies on the concept of extension. The fundamental idea of the
concept of extension is to enlarge the domain of the independent
variable to a space of higher dimension. Because our main interest
is on dynamic systems, we will think of time as our independent
variable. The independentvariable, time, is extended to a set of new
independent timelike variables, which are called time scales. Each
time scale captures a certain behavior of the system. For example,
the fast time scale captures only the fast behaviorof the system. The
extension of time f is symbolized as follows:

t—{w,70,..., 7} 17

where 79, 71, ..., T, are the time scales, which are normally func-
tions of # and the small parameter €, that is,

T, = 1(t, €), le]l < 1 (18)
How t; relates to ¢ determines the nature of the time scale. The
relation of 7; to € in this case determines whether the time scale is
fast or slow. Figure 2 shows a schematic of the concept.
Withordinarydifferentialequation,the dependentvariable y (¢, €)
is also extended as
Y, €) — Y(v, T, .-, Tyl €) (19)

In applications,an ordinary differential equation will become a par-
tial differential equation. This is not a limitation, however, because
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TZ
very slow
motions
extension
[ Tl
slow
t motions
mixed behavior T

fast motions
Fig.2 Concept of extension.

the resulting partial differential equation is usually simpler than the
initial ordinary differential equation.

Substitution of Eq. (18) into the extended function Y is called a
restriction of Y

Yito(t, €), T (t,€),...,1,(t,€); €] = y(t, €) (20)

We now focus on the small motions of the aircraft about its equi-
librium conditions near wing rock situation. In such situations, for
most aircraft @ and 6 are much smaller in magnitude than ¢ and ¢.
Observation of wing rock data for several aircraft confirms that the
longitudinal oscillations are of much smaller amplitudes than the
correspondinglateral oscillations’ Mathematically, we express this
as O(Ix2]) = O(x; [*), where x| ={¢ ¢} andx] ={0 6}. Because
of the small motion assumption, in the ¢ equation, we have

lim [ f1(x)] -0

2D
x1—0 |x1|

where x = {x] xJ}7 and f(x) contains all of the nonlinear terms
in the ¢ equation. Similarly, for the 6 equation, we have

| f2(x)] _
im =0
x2—0 |x2|

(22)

where f>(x) contains all of the nonlinear terms in the 6 equation,
except for the nonlinear terms of the form ¢, ¢¢, and ¢ because
these terms will be of O(|x,|) from the preceding discussion in
this paragraph. As in the single-degree-of-freadom case and as we
shall see later in the analysis, the roll damping parameter i plays
an important role in the wing rock dynamics. In the current case,
this parameter is equivalent to the dynamicroll damping derivative,
L,, + L, sinay. Note that the derivatives with subscript 0 indicate
the derivatives that are usually found in the linear treatment of air-
craft dynamics. Wing rock motion is normally caused by the loss
of such damping. Because the analysis is focused on the aircraft
motion in the vicinity of wing rock, this damping term is assumed
to be small. Withoutloss of generality, the pitch damping parameter
v is also assumed to be small. Relaxation of this assumption does
not affect the final results. Based on the preceding discussion and
experience with numerical solutions of the problems, the follow-
ing parameterizationin terms of a small parameter € is found to be
constructive:

¢ +o’¢ = elud + f1($, 6,6, 0)]
6+ Q%0 =g¢.¢)+eb+ fr(d.6.0.0] (23

where 0 <€ < 1 and
8@, d) = diud® + disdpd + 16§’
[1@,$,0,0) = c1¢” + 276 + 306" + cadp’ + c5¢6

+ cedb + 10 + csp6 + coh? + 106>

+ 1190 + €1298” + 1306 + 1406
fr(p, $,0,0) = d\6* + d00 + ds6* + d,6°

+ds56%0 + de00* + d10° + dy0¢* + doO

+d,00¢* + dy0¢* + di0¢¢ + d130¢° (24)

The MTS method is now invoked. The independent variable ¢ is
extended into two time scales as follows:

t — {n, 1}, T =1, T =€t (25)

In this case, 7, is the fast time scale, whereas 7, is the slow one. The
dependent variables are also extended as

d@) = Po(0, T1) + €1 (0, T1) + -+~
0(t) = Op(70, T1) + €61 (70, T1) + - - (26)

The extended variables are then substituted into Eq. (23) and
grouped according to the order of €. Order by order analysis can
then be performed by equating each group to zero.

Equations of leading order are given by

R
at?

926, .
+ 'y =0, ?f + 0% = g(do, po) (27
0

The solution for the first equation is
$o = Ai(71) sin Uy, U = w1 + Bi(t1) (28)

Then by substituting Eq. (28) into the second equation in Eq. (27),
we get

0y = Ay(t)) sin W, +moA? +m A2 cos2¥, +myA?sin2W; (29)

where
dyy + disa?
W, = Qty+ By (1), _ dutdiee
2 7o + By (1) mg o
—d dys0* d
my =~ dis® my, = — 52 (3
2L — 4w?) 2Q — 4a?)

Note that, from this solution, the pitch motion goes to a new equilib-
rium and contains oscillations with twice the frequency of the roll
motion. The new equilibrium and the amplitude of the oscillations
depend on the amplitude of the roll oscillations, the cross-coupling
parameters, and on the dominant frequency of both roll and pitch
oscillations.If the dominantpitch frequencyis close to twice the roll
frequency (2 &~ 2w), the denominator of m, and m, becomes close
to zero and the approximate solution breaks down. This indicates an
internal resonance situation, and clearly the approximate solutions
obtained are not valid in such a situation. A different analysis has
to be done to study such a situation. Because it occurs in only very
special and limited cases, we will not discuss it further here.

The O(€) analysis results in the following equations:
92 dA 1 3
?qzzl + 0’ = [—Zw?ll + nwA; + (Zczw + Zc4w3

1 1
+ Emzcs — mywce + 5c7(2m0 +m;) + Cgmza)z) A?

! dB, 3
+—a)(C11 +C12§22)A1A§i| cosV¥, + |:2a)Ald_l + ch
T

[\S]

1 1 1
+ ZC3C£)2 + 56'5(2”10 — ml) — CccMow + E(Cﬂnzw

1
—Cgmla)z)Af + 5(6‘9 +C10§22)A1A§i| sin ‘I’[ + -

926, ) 1 1 dA, dB,
— 0 = =(d; +d; Q) A3 + —disA|— + djgwA?—
8102 + w0, 2(1+ 3 ) 2+2 15 ld‘[[ +disw dr,

dA 1
+ [—md—z +vQA, + Zsz(d5 +3d,Q%) A + Q(dzmo
T
1 1 dB, 1
+=d, + 5d13w2)AfA2i| cos W, + |:2§2A2d—2 + = (3d,
T

2 4

1
+d6§22)A2+5(4d1m0 +dg +d10)A%A{| Sll’l‘l’z+ (31)
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We concentrate on the case where there is no internal resonance,
that is,

Ly, # LY, (32)

where/; are arbitrary integers.In this case, we see from Eq. (31) that
the coefficients of the first harmonic terms must be set to zero so
that no secular terms appear in the solution. By doing so, we get the
following set of first-order equations for the amplitude and phase:

dA, 1

d_‘fl = EMAl + PlA? + P2A1A§
dA 1
d—: = EVAZ + %A; + QZA%Az
1
dB dB
— = P3AT + piAj, — = BAT+qsA; (33)
d‘[l d‘[l

where

P = é[cz + 3c40? + (2/w)mycs — 4mcq
+c;(4mgy + 2my) + 4cgm2w]

D= i(cll +C1292)

ps = —(1/80)[3(c1 + c3) + c5(4mg — 2m)
—dcgmow + 2c7mow — 4Cgm1a)2]

p4:_(1/40))[C9—n1d1+6'10§22], q :é(d§+3d7§22)

q, = i[Zdsz +d11 + d13a)2]
g3 = —(1/4)[4d,mq + dg + dyo]

qs = (1/89)(3d, + ds2?) (34)

Note that the first two equations in Eq. (33) are the amplitude
equations, whereas the other two are the phase equations. The am-
plitude equations determine the amplitude history of the motion,
whether the amplitudes of the motion decay or increase, hence, the
stability of the motion. The phase equations give correctionsto the
frequency of the solution.

B. Center Manifold Reduction and Bifurcation Analysis

In this section, our focus is on the amplitude equations. Because
the amplitude equations are coupled, we utilize the center manifold
reduction technique to reduce the dimension of the system equa-
tions. The technique is based on the idea that the dynamics of the
systemare approachedasymptoticallyby the dynamicson the center
manifold. The main advantage of the technique is that the dynamic
properties of the system can be obtained by examining the center
manifold equations, which are generally of lower dimension than
the complete system equations.

The center manifold of an equilibrium pointis an invariant man-
ifold that contains the equilibrium point and is tangent to the center
eigenspaceofthe linearizedsystem. In this case, the amplitude equa-
tions are of the following form:

x =Ax+p(x.y), y =By +qx.y) (35)
where x €R', y € R™, and A and B are constant matrices such that
R [AD =0, i=1,...,1, and R(A,[B]) <0, i=1,...,m. The
functions p and ¢ along with their Jacobians vanish at the ori-
gin, which is the equilibrium point of interest. In other words,
p(0,0)=¢(0,0)=0 and V,(0,0)=V,(0,0) =0. The linearized
equation around the origin has two obvious eigenspaces, namely,
x =0 and y =0, which represent stable and center eigenspaces,
respectively. It is a well-known result that the system (35) pos-
sesses a local centermanifoldy = h(x) for |x| < §,0 <8 < 1, where

h(0) =V, (0) =0 (Refs. 16 and 17). The flow on the center manifold
is then governed by the /-dimensional system:

z=Az+plz.h(z)] (36)

Equation (36) containsall of the necessary informationto determine
the asymptotic behavior of the solutions of Eq. (35), as stated in the
following theorem.!”

Theorem A: The zero solution of Eq. (36) has the same stability
property as the zero solution of Eq. (35).

Theorem B: Suppose the zero solution of Eq. (36) is stable. Let
[x(t), y(t)] be a solution of Eq. (35) with [x(0), y(0)] sufficiently
small. Then there exists a solution z(t) of Eq. (36) such that as
t — 00
x(t) = z(t) + Olexp (—y D], y(@) = hlz(t)] + Olexp (—y1)]

(37

where y > 0 is a constant depending only on B.

This result enables one to deal only with an /-dimensional equa-
tion, which is the dimension of the center manifold, to obtain the
asymptotic behavior of the (! + m)-dimensional system.

In current problem, we consider the case where p is small but
not equal to zero. To put it into the center manifold framework, ©
is considered as a trivial dependent variable in the formulation, as
follows:

dA, 1

— = —uA, + p A+ pA A2

an 2# 1 T P1A] T P2AL A
dA, 1 3 ) du
— = —yA A; ATA,, — =0 38
ar, 2V 2 +q1A5 +qATA, ar, (38)

Note that in this formulation, the term % 1Ay is considered non-
linear. The equilibrium point of interest is the origin (A;, A,,
1) =1(0, 0, 0). The linearizationof the system (38) around the origin
has eigenvalues0, v, and 0. By the assumption v < 0, the A, axis is
a stable manifold. We will find a center manifold

Ay, = h(Ay, p) (39

that satisfies (0, 0) = (dh/dA)(0,0) = (dh/du)(0,0) =0. Note
that to satisfy this requirementsz = O[(|A,| + |x])"], n > 1. By dif-
ferentiating Eq. (39) with respectto 7;, we get
dA, dh dA,
dr;  dA, dg

dh du

40
du dr (40)

Then, by substitutingdA, /dt;, dA,/dt,, and du /dt, from Eq. (38)
into Eq. (40), we obtain

dh  gvh+qih® + g ATh
dA;  TpA 4 pAT 4 prAR?

(41

Because solving this equation is very difficult, we simplify it by
rememberingthath = O[(|A;| + |¢])"], n > 1, andneglectingterms
in the numerator and denominatorof O[(|A | + |1])*], k > 3. Doing
so, we get

k. ~ & (42)
dA, %MA[ + p A}
It can be shown that the solution of the simplified equation is
A2 1o/
h(Al,u>=C(m) 43)

where C is a constantto be determined from the condition 2(0, 0) =
(dh/dA,)(0, 0) = (dh/dp)(0,0) =0. This condition can only be
satisfied when

C=0 (44)
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Fig.3 Flow of the system for a) ;1 <0 and b) e >0.

Therefore, the center manifold of the system is

which is the A;-u plane.

The preceding result can also be deduced graphically. Figure 3
shows the flows of A, vs A; for 4 <0 and for u > 0. In Fig. 3, the
exact flows, shown using the solid curves, are compared to the ap-
proximate ones given by Eq. (43), represented by the dashed curves.
We can see that the approximate solutionsfollow the exact solutions
fairly well. It can also easily seen from Fig. 3 that the only solution
that always satisfies (0, 0) = (dh/dA,)(0, 0) = (dh/dur)(0,0) =0
is A, =0. Itis clear then that A, =0, thatis, the A;-u plane, is the
center manifold of the system.

The reduced system is then given by

dA, 1

— = —pA, +p A3,
an, 211« 1 T P14

du

0 46
an (46)

The equilibria of this system consist of the u axis and the parabola
nw=-2p; Af. Because du/dt; =0, the planes i = const are invari-
ant. In a plane p =const#0, all of the equilibria are of hyper-
bolic type, and so their local stability properties can be assessed
by looking at the eigenvalues of the linearized systems around the
equilibria. The linearized system around the equilibria at ;¢ axis for
m=const#0is

dA, 1
dr, 2“ 0 A
= 47
dA, 1 A,
—_ 0 =v
dfl

The cigenvaluesof the systemare 24 and $v. Because v is assumed
to be negative, then the equilibriaat . axis is asymptoticallystableif

< 0 and unstableif p > 0. Similarly, the linearized system around
the equilibria u = —2p; A} for u = const#0 is given by

dA, 1 0

dr oM A

dAl =1 ° 1 { A, } “®
-2 0 —v 2

dTl

Here, the eigenvalues of the system are —$/ and $v. Hence, the
equilibria at © = —2p; A? are asymptotically stable for > 0 and
unstable if © < 0.

Atexactly u =0, the reduced system becomes

— =piA} (49)

The stability properties of Eq. (49) can be studied without finding
the exact solution. Note that dA, /dt; determines the slope of the
Ai(t)).If py >0, thendA, /dt, > 0 for all 7y, and A, (1) increases
monotonically with 7;. In this case, the system is unstable. On the
other hand, if p; <0, then dA,/dr; <0 for all 7;, which means
that A, (7;) decreases monotonically with ;. This implies that the
system is stable for p; <0. For p; =0, the stability of the system
can only be determined by looking at higher-order terms.

The precedingdiscussionshows that the properties of the solution
of the system change as p varies from negative to positive. It is easy
to see that the number of the equilibrium points changes across
1 =0. Hence, =0 is the bifurcation point of the system. The
bifurcation diagrams of this system for p; > 0 and p, <0 are given
in Fig. 4. These diagrams indicate that there is a finite amplitude
oscillation of the limit-cycle-type appearing or disappearing in the
system when p is varied across i = 0. Hence, this is a Hopf-type
bifurcation. When p; >0, a subcritical Hopf bifurcation occurs,
and there is no stable limit cycle in the system. When p; <0, the
Hopf bifurcation is supercritical, and a stable limit cycle appears
for ;1 > 0. Physically this means that a sustained wing rock motion
can occur in the aircraft system. In this situation, u =0 indicates
the onset of wing rock.

An alternative argument can also be used to infer the presence
of a Hopf bifurcationin the system by considering the variation of
the eigenvalues of the linearized version of the equations of mo-
tion (23) as p varies. In this case, there are two pairs of complex
eigenvalues associated with the lateral and the longitudinal modes.
Initially when @ <0, both pairs of the eigenvalues lie to the left
of the imaginary axis, that is, in the stable region. As u varies, the
location of the eigenvalueschanges. Exactly when p =0, the pair of
eigenvalues associated with the lateral mode lies on the imaginary
axis. As p increases further, these eigenvalues move to the right of
the imaginary axis. The crossing of the imaginary axis occurs at
a nonzero speed, and this condition gives rise to the occurence of

p, >0 p, <0
Ay 0.3 Ay 0.3
(rad) ' {rad)
0.25 0.25f
02r 0.2
\unstable
, tabl
0.15 \ 0.15} stabig
0.1 0.1
0.05} , 0.05(
olstable :_unstable | olstable | unstable
-0.0 — - N
X 05 0 05 1 9% o5 0 05 1
a) p(1/s) b) w(1/s)

Fig. 4 Bifurcation diagrams for a) p; > 0 and b) p; < 0.
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Hopf bifurcation. This type of analysis, however, does not tell us
whether the bifurcation is subcritical or supercritical.

In the case where the stable limit cycle exists in the system, the
amplitude of the limit cycle or, in other words, the amplitude of the
wing rock motion, is given by

Ap =+ —1/2p (50

The preceding analysis can be interpreted as a steady-state anal-
ysis. This implies that after some transient, the amplitudes A; and
A, eventually reach the steady-state values A; = /—(u/2p,) and
A, =0. The steady-state correction to the phase then can be calcu-
lated from the last two equations in Eq. (33), which yield

By = —ps(u/2p))1, By = —q3(u/2p)Ty  (51)

C. Analytical Approximation of the Solution

We now develop a closed-form approximation of the system re-
sponse, which includes the transient motion. We will solve the am-
plitude and phase equations (33). We will initially consider the am-
plitude differential equations. These equations are nonlinear and
coupled, and the exact solutions can only be obtained by treating
them together. We obtain an approximationto the exact solutionsby
applying Gronwall’s lemma to the stable subset of the system, which
is the second amplitude equation (recall the v < 0 assumption):

4 ZlVA2+g(A17A2) (52)
d‘[l 2
where g(A1, A2) = (q1 A3 + ¢2AD).

Now suppose thatonecan find 0 <d K land 0 <y < I%vl such
that for A, A, <4, one has |[g(A;, Ay)| <y A,. Because we only
consider small amplitude motion, this condition can be easily satis-
fied. The integration of Eq. (52) yields

1 B 1
Ay(ty) = exp(zvrl)Azo + / exp|:§v(rl — s)i|g(A1, Aj)ds
0
(53)

By the condition imposed on |g(A;, A,)| and by multiplying both
sides of the equation by exp(—%vrl ), we get

1 o 1
exp(—avrl)lAz(rl)l < A, +/ yexp(—as)lAzl ds (54)
0

The statement of the Gronwall’s lemma is given next. For proof,
the reader may refer to Ref. 18.
Gronwall’s lemma: If

f@) <K +/ f(s)g(s)ds (55)

fora <t <b, then f(t) is bounded by

f(t)iKCXP|:/ g(S)dSi| (56)

We see that Eq. (54) is in the form of Eq. (55) with f(s)=
exp(—2vs)|Ay(s)|, g(s) =y, and K = A,. Therefore, it follows
from the lemma that

exp(—1v7)) A2 (7)] < Asyexp(y ) (57)
or
Ay (1)) < Agexp(3v+v)1] (58)

This inequality provides the upper bound of the amplitude history
of pitch motion 6.

When g(A;, A,) =0, Eq. (52) becomes linear and the amplitude
history is [from Eq. (53)]

Ay(T)) = Azoexp(%vrl) (59)

where A, is a constantdetermined from the initial conditions. The
deviation of the actual A, history from Eq. (59) depends on the

magnitude of g(A;, A,), whichis reflected in its upperbound y. As
a measure, we can examine the difference between the upper bound
of A, and the linear solution A, to get an idea of the magnitude of
the deviation:

Ay, =4y~ A, < Azoexp(%vrl)[exp(yfl) —1] (60)
This is equivalentto
A4 [A; <explyt) — 1 (61)

This means that, for small y, A, is a good approximation to the
actual A, history. Because we are only interestedin small-amplitude
motions and |g (A, A,)] is of the order of square of the amplitudes,
then y canbe taken to be very small. Therefore, for our purposes we
will use A, as the approximationto the A, history.

The substitutionof A, into the A, differentialequationin Eq. (38)
yields

dA,
: (62)

— =a(t)A +pA
d‘[l

where
a(m) = 3+ p2Aj exp(vry) (63)

Equation (62) is a first-order nonlinear differential equation with
a time-varying coefficient in a(t;), the solution of which can be
shown to be (see Ref. 13 for the derivation)

_ exp[fa(rl)drl]
1=
\/Cl —2p1 fCXp[Zfa(‘L'l)dTl]dTl

The constant C, in Eq. (64) is determined from the initial condition.

The integral
/exp|:2/a(rl)drli| dr

is not simple to obtain because a(t;) also contains an exponen-
tial term. Here we attempt to assess some of its properties without
evaluating it.

From Eq. (63), we observe that the second term on the right-hand
sideis of O(A%o). Because we are only interestedin small-amplitude
motion, then the effect of this term is generally small. Moreover,
because v < 0, this term goes to zero exponentially as 7, increases.
When 1; =0, then

/exp|:2/a(rl)drli| dr; =0 (65)
For large 7y,
/exp|:2/a(rl)drli| dr ~ 2exp(ﬁn) (66)
% 2

and as T, — 00,

A

(64)

expl(n/2)1;] = 0 for n<0
expl(n/2)t] = o0 for w>0 67)

The stability of motion for u = 0 is described by the center manifold
analysis presented in Sec. III.B.

From the preceding discussion, if we let the initial condition for
Ay tobe Ay, thenwe get C; interms of A, from Eq. (64) as follows:

Al =1/C & C =1]/A} (68)
Hence, in terms of A,
exp[fa(rl)drl]
\/1 —2p A% [exp[2 [a(r))dr ] dr,

The solutionsfor B, and B, then followin a straightforwardmanner.
From the preceding discussion, we can then obtain the steady-state

(69)

Al :Al()



GO AND RAMNATH 331

condition of the A; history. As 7, — o0, the second term in the
denominatoris much greater in magnitude than 1, and, thus,

A —0 for n<0

exp(uti) M
1 —> \/ 2(pi /) exp(ut)) \/ 25 or L > (70)

This result is consistent with the result from steady-state center
manifold analysis in Sec. III.B.

The result shows the importance of the parameters i and p; on
wing rock characteristics.The onsetof wing rockis determinedby p,
whereasitsamplitudeis determinedby both i and p;. As mentioned,
u for this two-degrees-of-freedomproblemis equivalentto dynamic
roll damping derivative. Thus, the onset of wing rock in this case is
the same as in the roll-only, single-degree-of-freedom case, which
is a special case of the current problem.*”'* Here p; is built up
mainly by the aerodynamic nonlinearity. Notice from the definition
of p, in Eq. (34) that its value is affected by some longitudinal
parameters. Therefore, in general, the amplitude of two-degrees-of-
freedom wing rock motion is not the same as the amplitude of the
single-degree-of-frealom case.

IV. Comparison with Numerical Results

A generic fighter aircraft model is used to illustrate and vali-
date our analytical representation of the dynamics of the aircraft
motion in the vicinity of wing rock. The model involves nonlin-
earities in many aspects of aircraft aerodynamics, that is, non-
linear variation with angle of sideslip, rotation rate, and angle of
attack.

The parameters of the aircraftand its aerodynamicmodel as used
in the simulation are given in Appendix B. This model is valid only
for angle-of-attackvalues in the range 20-40 deg, which is the range
where transition to wing rock motion occurs. For this aircraft, the
variation of the wing rock damping parameter y and the parameter
p1 with the nominal angle of attack are given in Fig. 5.

A simulation of the aircraft response for nominal angle of attack
of 32 deg is shown in Fig. 6. At this angle of attack, u is posi-
tive and the wing rock motion is developed, as can be seen from
Fig. 6. Note that, in Fig. 6, the analytical approximationobtainedin
the preceding section is compared to the solution as obtained using
numerical integration. In this case, the analytical approximation is
in excellent agreement with the numerical integration result. The
amplitude and phase history are predicted very accurately by the
analytical solution. Note also that, for pitch motion, the analytical
approximation correctly predicts the existence of the new equilib-
rium and the sustained oscillation with twice the frequency of the
roll motion.

To examinethe accuracy of the predictionof the wing rock onset, a
simulation of the aircraftresponses slightly below and slightly above
the onset point is performed. For the aircraft model, the wing rock
onset is at g =27.34 deg. Numerical and analytical simulation of
the system response for oy = 27.2 and 27.5 deg are given in Fig. 7.
This example shows that our analytical development predicts the
dynamics of the aircraftin the vicinity of wing rock very accurately,
even though the aerodynamic model used in the example is quite
complicated.

The present analysis subsumes most previous work, where only
the effects of specific type of nonlinearity are considered. Clearly,
we can examine the effect of a specific nonlinearity. Examples of
this are given in Ref. 13. Some interesting facts from the exam-
ination of the effects of certain nonlinearity are mentioned here.
As in the single-degree-of-fredom case, a cubic variation of rolling
moment with sideslip, by itself, does not cause wing rock. Such
a nonlinearity only causes a slight increase or decrease in the fre-
quency of the aircraft oscillation. An effect that is not captured by
a single-degree-of-frealom model is the dynamic cross-coupling
aerodynamicderivatives. As is shown in Ref. 13, a relatively strong
linear dependency of such derivatives with sideslip angle can give
rise to wing rock. In such situations,energy transfer occurs between
roll and pitch modes of the aircraft and may give rise to a more
complex situation.
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Fig. 7 Aircraft response for a) g =27.2 deg and b) 27.5 deg.

V. Conclusions

Wing rock dynamics of an aircraft having two degrees of free-
dom in roll and pitch have been considered. The analysis tech-
nique using the MTS method, center manifold reduction principle,
and bifurcation theory describes the system dynamics successfully
leading to the solutions in closed parametric form. Compared to
the result of the single-degree-of-freadlom problem, the onset of
wing rock is not affected by the additional degree of freedom in
pitch. However, the amplitude of the resulting wing rock motion
in the two-degrees-of-freedomcase is generally different from the
single-degree-of-frealom case because the effect of the longitudi-
nal and coupling parameters. An interesting aspect of the dynamics
that is not captured by the single-degree-of-fredom model is the
steady-state pitch oscillation around a new equilibrium state with
twice the frequency of the wing rock motion. All of these suggest
that the simplified single-degree-of-freedom model has to be used
with caution because it may not capture all of the important aspects
of the system dynamics. As seen from our analysis, the longitudinal
dynamics may appearto be notas significantas the lateral dynamics.
However, as has been shown analytically, it has quite a significant
effect on the wing rock properties in general.

Appendix A: Relations Between Coefficients
of Egs. (16) and (10)

Roll equation:

®® = —¢, sinay,

[:L = Ez + E'g Sil’lOlO
¢ = (ny/nz — nyny) € sinayg + ¢4 sin® g — 1y dsq sin® g
Gy = (ny/n3 — nny)(C, + ¢ sinayg) + & sin’ ag + G sin’ ag

—ny(ds + d4 sinayg) sin

&3 = ¢y sinoy + Cag sin® o + Cg sin’ g
—n (—nz +dyo + dyp sin® 0[0)

¢y = Cosin® ag + Gy, G = ¢y sinag — nyd,

&6 = (E1p + C13) sinay — n(d, + d5), C; = Ciy singgy + ¢y

Gy = —n; + (G1s + Cig) sinag + Ci5 + Cis, g = Cog —nyd,

Co = ny/ny + (Ea + G + G3s) sinag — ny(d7 + dy + do)

C] = Cyzsinag + Cag

Ci2 = (Ca4 + Ca5 + C37) sinap + €7 + €28 + C6

C13 = (Ga9 + T3 sinag — ny (ds + di)

Ci4 = C30 + €33 + (31 + C3a) sinag

Pitch equation:

d, = ds + dg
ds =dy, +d
de=dyy+ds+dyp, dy=dys+dig+dy;+dy
Jg = (—ny/n; +n1n3)d_l + d_zo sin’ oy — N,Cpp Sin
dy = (dy + da) sinogy — 1,814 sineg + 17)

JIO = d_23 + (d_24 + d_25 sin ) sin o

dyy = (=ny/ns + nyny)(dy + d3) + (das + d3,) sinag
—n3(Cr2 + €13) sinag

dp = —2(ny/n3) + niny + (dag + ds3) sinag + (dag + dag) sin® ag
—n3[(C15 + Ci6) sinag + €15 + Crol

diy = dyy + dys + (d3g + dyg) sinag + (ds; + dy7) sin® g

d 4 = dsg sin® ag — 1,4 sinayg

Jls = (ds9 + dy; sinag) sinag — 12(E, + & sinayg)

JIG = —ny +dy + dyy sin’ a

Appendix B: Generic Fighter Aircraft
Parameters for 20 < o < 40 Degrees

I, = 36,610 kgm?, I,, = 162,700 kg m*
I, = 183,000 kg m?, I.. = 6780 kgm?

b=12m, c=4.8m, S =164.6 m?

o = 1.225 kg/m’, V =100 m/s

C = (—0.2950:0 + 0.1975a§)ﬂ + (—0.22 +0.63a9 — 0.797a]

b b bp\’
+ 0.975a3)2—€ + 0.4ﬂ22—€ ~0.075 (2—";)

2
b .
- 1.42ﬂ<2—€) —0.0118 — 0.08af + 0236028

bp ) bp . )
+O.56a2V + 0.09¢ 0 + 1.6ap — 6.1a°B

+0.58—L 4 300p—L
PPoy TPy
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3
C, = —0.68a — 2—L _ 07502 — 3.750¢° +0.7( <L
2V 2V

cq

0.580~—L 135640
Poagy TS0 Ty

L 2
+O.4ﬂ2v 4.018
bp bp
0.26a8> + 0.18— + 0.5a8—
+ of” + ﬂZV + aﬂzv
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